In this paper, we compare the Constant Conditional Correlation (CCC) model to its dynamic counterpart, the Dynamic Conditional Correlation (DCC) model with respect to its accuracy for forecasting the Value-at-Risk of financial portfolios. Additionally, we modify these benchmark models by combining them with a pairwise test for constant correlations, a test for a constant correlation matrix, and a test for a constant covariance matrix. In an empirical horse race of these models based on five-and ten-dimensional portfolios, our study shows that the plain CCC-and DCC-GARCH models are outperformed in several settings by the approaches modified by tests for structural breaks in asset correlations and covariances.
Introduction
It has become a stylized fact in the analysis of financial market data that correlations between asset returns are time-varying. Bollerslev et al. (1988) were among the first to stress the importance of accounting for dynamic covariances in international asset pricing. Further empirical evidence for time-varying asset correlations is found by Longin and Solnik (1995) and Ang and Bekaert (2002) who show that correlations between international equity markets increased over time and were higher in the high volatility regimes of bear markets.
1 In response to these findings, studies in the field of financial econometrics in recent years have tried to model the dynamics in asset correlations. Most notably, Engle (2002) proposed the Dynamic Conditional Correlation (DCC) model that combines the flexibility of univariate generalized autoregressive conditional heteroskedasticity (GARCH) models but at the same time circumvents the necessity to estimate a large number of parameters. Further improvements of the flexibility of dynamic correlation models can then be achieved by testing for structural breaks in the correlation matrix of a given dataset and reestimating the dynamic model. Yet, the empirical literature still lacks a concise analysis of the question whether the increased flexibility of dynamic correlation models is needed for forecasting portfolio
Value-at-Risk (VaR) accurately. Additionally, models that account for structural breaks in correlations could yield comparable accurate VaR-forecasts without imposing too strict assumptions on the dynamic behaviour of correlations over time.
In this paper, we investigate the question whether the Constant Conditional Correlation (CCC) model of Bollerslev (1990) is economically significantly outperformed with respect to its VaR-forecasting accuracy by competing models that account for the time-varying nature of asset correlations. To be precise, we compare the CCC model to its dynamic counterpart, the DCC model, introduced by Engle (2002) , Engle and Sheppard (2001) (see also Tse and Tsui (2002) ). Both models are then used in combination with recently proposed tests for structural breaks in a) the pairwise correlations, b) the correlation matrix and c)
1 Evidence of correlations changing over time is also found by Pelletier (2006) .
1 the covariance matrix of asset returns to yield a set of seven candidate models with a diverse range of modeling flexibility.
2 More precisely, we modify the plain CCC and DCC benchmark models by combining them with the pairwise test for constant correlations of Wied et al. (2012) , the test for a constant correlation matrix of Wied (2012) , and the test for a constant covariance matrix of Aue et al. (2009) . 3 The motivation for choosing these three tests lies in the fact that they are nonparametric and do not impose restrictive assumptions on the structure of the time series. We conduct a horse race of these models and compare their out-of-sample forecasting accuracy by using five-and ten-dimensional portfolios composed of European blue-chip stocks. The model performance is then assessed by performing formal backtests of VaR-and Expected Shortfall (ES)-forecasts using the unconditional coverage test of Kupiec (1995) , the CAViaR based test of Engle and Manganelli (2004) and Berkowitz et al. (2011) , the ES backtest of McNeil and Frey (2000) and a backtest procedure based on the Basel guidelines for backtesting internal models.
The contributions of our paper are numerous and important. First, we propose the use of tests for structural breaks in correlations and covariances together with static and dynamic correlation-based models for forecasting the VaR of asset portfolios. Second, to the best knowledge of the authors, this study presents the first empirical analysis of the question whether static and dynamic correlation-based VaR-models can be improved by additionally testing for structural breaks in correlations. Third, we empirically test which of the tests for structural breaks (pairwise correlations, correlation matrix and covariance matrix) is best suited for capturing the dynamics in the returns on financial assets.
The paper proceeds as follows. In Section 2, we quickly review the standard GARCH(1,1) model we use as marginal models in our study. In Section 3, we discuss the multivariate dependence models as well as the tests for structural breaks in correlations used in our 2 As the focus of our paper lies on the modeling of the dynamics in the dependence structure between assets, we do not consider structural breaks in the assets' univariate volatilities. For a review of methods used for forecasting stock return volatility, see Poon and Granger (2003) . Structural breaks in volatility are examined, for example, by Rapach and Strauss (2008) .
3 As we will explain later, the test of constant pairwise correlations cannot be combined with the DCC model. Therefore, only seven instead of eight models are compared in our study. empirical study. Section 4 presents the data and outlines the test procedure of our empirical study. The results of the empirical study are presented in Section 5. Section 6 concludes.
Univariate GARCH model
GARCH-type models (see Bollerslev, 1986 ) have become the de-facto standard for describing the univariate behaviour of financial returns in a dynamic setting. The GARCH(1,1) model has been found to be the model of choice in the literature (see Hansen and Lunde, 2005) .
Consequently, in the empirical study we opt for the simple GARCH(1,1) as the standard model to forecast the volatility of the univariate marginals.
Let r t,i denote the log-return of an asset i (i = 1, . . . , n) at time t (t = 0, 1, . . . , T ). Then the GARCH(1,1) process is defined by
where α 0,i > 0 and α 1,i ≥ 0, β 1,i ≥ 0 ensures a positive value of σ 2 t,i , and wide-sense stationarity requires α 1,i + β 1,i < 1. Along the lines of Bollerslev and Wooldridge (1992) , the innovations z t,i follow a strict white noise process from a Student's t distribution with mean 0, a scale parameter of 1, and ν > 2 degrees of freedom. After estimating the parameters of the univariate GARCH models with, for example, maximum likelihood, one-step-ahead forecasts for the conditional variances are simulated from equation (3) for each of the n assets in a portfolio separately via plug-in estimation of
3
Multivariate dependence models
In the following, the dependence models used in the empirical study are discussed. The selection includes five models employing statistical tests for the occurrence of structural breaks in the dependence structure and, for benchmarking purposes, the classical CCC-and DCC-GARCH models.
General setup of correlation-based dependence models
The general definition of a multivariate GARCH model with linear dependence can be written as
where r t is a (n×1) vector of log returns, μ t is a (n×1) vector of E(r t ) which we assume to be constant, and Σ 1/2 t is the Cholesky factor of a positive definite conditional covariance matrix Σ t which corresponds to the variance σ 2 t in the univariate GARCH model. Furthermore, the innovations Z t correspond to z t,i of the univariate GARCH process and are assumed to come from a Student's t distribution as described above. The conditional covariance matrix Σ t can be expressed as
where D t is a (n × n) diagonal volatility matrix with the univariate conditional standard deviations σ t,i derived from (3) as its diagonal entries and
definite correlation matrix where ρ t,ii = 1 and |ρ t,ij | < 1. From this it follows that the off-diagonal elements are defined as
Our empirical study examines the one-step-ahead prediction of Value-at-Risk and Expected
Shortfall. As we assume μ t to be constant, the prediction solely depends on the forecast of the 4 conditional covariance matrix Σ t+1 = D t+1 P t+1 D t+1 . Note that in our case, estimation of the univariate variances takes place before estimating the correlation matrices. For this reason and since the forecasts of univariate variances are identical for all examined dependence models, divergences in the performance of VaR-and ES-prediction thus depend only on the selected model to forecast the correlation matrix P t+1 .
Constant and dynamic conditional correlation models
The Constant Conditional Correlation GARCH model by Bollerslev (1990) constitutes a basic concept to specify the dependence structure of a given data set, since the conditional correlations are assumed to be constant over time. Let Σ t be the conditional covariance matrix in a CCC-GARCH(1,1) process at time t. Corresponding to equations (5) and (6), the one-step-ahead forecast of the conditional covariance matrix can be obtained by a plug-
. The correlation matrix P c is assumed to be constant over time and its entries can be estimated with the arithmetic mean of products of the standardized residualsẑ t,i (see Bollerslev, 1990, for details Several studies starting with the seminal work by Longin and Solnik (1995) show that correlations of asset returns are not constant over time. Therefore, as a generalization of the CCC-GARCH model, Engle (2002) and Engle and Sheppard (2001) propose the Dynamic Conditional Correlation (DCC) GARCH model which allows the conditional correlation matrix to vary over time. The conditional covariance matrix is decomposed into conditional standard deviations and a correlation matrix via Σ t = D t P t D t . The correlation matrix P t is 5 assumed to be time-varying and is defined as
The time-varying character of the DCC-GARCH model is implemented by 
For details concerning the (maximum-likelihood) estimation of P t , we refer to Engle (2002) .
Tests for structural breaks in the dependence
In general, correlation based GARCH models can be extended by allowing for structural breaks in the dependence measure. We employ three recently proposed tests to detect structural breaks in P as well as in Σ and reestimate P after each change point. The basic motivation for using these tests is the fact that we want to know which data of the past we can use for estimating the correlation or covariance matrix. All three tests basically have the same structure: One compares the successively estimated quantities (bivariate correlations, correlation matrix, covariance matrix) with the corresponding quantities estimated from the whole sample and rejects the null of no-change if the difference becomes too large over time.
All three tests work under mild conditions on the time series which makes them applicable to financial data. They are nonparametric in the sense that one does not need to assume a 6 particular distribution such as a specific copula model or the normal distribution. Moreover, the tests allow for some serial dependence such that it is possible to apply the test on, for example, GARCH models. Principally, weak-sense stationarity is required for applying the fluctuation tests. While this is fulfilled in GARCH models under certain conditions, conditional heteroscedasticity might be a problem for the correlation tests as the tests might reject the null too often. To circumvent this problem, one can apply some kind of prefiltering on the data. One potential drawback is the fact that it is a necessary condition to have finite fourth moments for deriving the asymptotic null distributions of the tests. While there is some evidence that second moments do exist in financial return data, the existence of finite fourth moments is doubtful. Nevertheless, we consider the fluctuation test to be applicable on returns as well. In the following, we will shortly present each test together with its respective null distributions. Wied et al. (2012) propose a fluctuation test for constant bivariate correlations. The test compares the successively estimated bivariate correlation coefficients with the correlation coefficient from the whole sample. The test statistic is given bŷ
Pairwise test for constant correlation
whereD is an estimator described in Wied et al. (2012) 
Test for a constant multivariate correlation matrix
Wied (2012) proposes an extension of the bivariate correlation test to a d-dimensional correlation matrix. The test statistic in this case is rather similar to the former case with the difference that one does not just consider one deviation
but the sum over all "bivariate deviations", that means,
Also, the estimatorD is calculated differently. While the bivariate test uses a kernel-based estimator, the multivariate test uses a block bootstrap estimator, see Wied (2012) for details.
Under the null hypothesis of a constant correlation matrix, the test statistic converges to sup 0≤z≤1
standard Brownian bridges. Under local alternatives, we have convergence results that are similar to the ones with the former test. 
Test for a constant multivariate covariance matrix
for 1 ≤ j ≤ T , which measures the fluctuations of the estimated covariance matrices. Here, the factor j √ T again serves for standardization for the same reasons as described above.
The test statistic is then defined as max 1≤j≤T S jÊ S j , whereÊ is an estimator which has the same structure as in the bivariate correlation test and is described in more detail in Aue et al. (2009) . The limit distribution under the null hypothesis is the distribution of
where
/2 are independent Brownian bridges. Aue et al. (2009) show that the test is consistent against fixed alternatives. Note that the application of the test requires the assumption of constant first moments of the random vectors of the time series. The asymptotic result is derived under the assumption of zero expectation; if we had constant non-zero expectation, it would be necessary to subtract the arithmetic mean calculated from all observations from the original data which does not change the asymptotic distribution.
Data and test procedure
Our empirical study is designed as follows:
(1) Data and portfolio composition: We compute log returns by using daily total return quotes of stocks listed on the indices DAX30, CAC40, and FTSE100. With respect to each index, we build one 5-dimensional and one 10-dimensional portfolio of equal weighted assets. For the 5-dimensional (10-dimensional) portfolios we select those five (2) Univariate modeling: To forecast the volatility of each asset in each portfolio at day t + 1, GARCH(1,1) models are fitted to a moving time window consisting of the 1, 000
preceding log returns. The use of a moving time window of 1, 000 days is common in the literature and is in line with, e.g., McNeil et al. (2005) and Kuester et al. (2006) .
Next, a one-step-ahead volatility forecast σ t+1,i is computed by the use of the estimated GARCH parameters α 0 , α 1 and β 1 according to (4). Furthermore, degrees of freedom of the marginals are held to be constant at ν c = 10.
(3) Testing for structural breaks and multivariate modeling: The correlations P c and P t of the plain CCC and DCC models are fitted to a sample consisting of the standardized residuals obtained from the univariate GARCH estimation. Therefore, the sample includes a moving time-window of 1,000 trading days preceding the forecast day t + 1. We opt for a moving time window rather than for a fixed time-window, because a fixed time-window does not account for any changes in the correlation structure. As a second alternative, an expanding time-window could be used which is determined by a fixed starting point and a moving end. However, we do not use such a time-window, because the weighting of more recent data for the parameter fitting decreases when the time-window increases over time. In conclusion, the moving time-window approach allows the estimated parameter to change and therefore it is a benchmark which is hard to beat. For the purpose of this study, the time-window consists of 1, 000 trading days preceding the forecast day t + 1. In order to decide at which point in time a possible change occurs we use an algorithm based on Galeano and Wied (2013) . First, within the sample of 1, 000 trading days we identify the data point at which the test statistic takes its maximum. If this maximum is equal to or above the critical value, the null of a constant correlation/covariance is rejected. Giot and Laurent (2003) and Alexander and Sheedy (2008) .
For each of the n assets in a portfolio and for each day t, K = 100, 000 random simu-
tn are generated by use of the mean μ t , the univariate volatility forecast σ t+1,i , the correlation matrix P as estimated by the models described in Section 3, and the degrees of freedom ν c = 10. As the Value-at-Risk is not in general coherent, we also estimate the portfolios' Expected Shortfalls which are given by
For day t+ 1, we determine the ES α by computing the mean of the simulated log returns below the estimated V aR α for that day.
(6) Backtesting and performance measurement: The performances of the different models are evaluated by applying appropriate backtests on the VaR-and ES-forecasts.
Since the univariate volatility forecasts for each of the VaR models are equal. Hence, differences in VaR-forecasts and VaR-violations can only result from differences in the estimated correlations. We employ the commonly used test of Kupiec (1995) to evaluate whether the observed number of VaR-violations is consistent with the expected frequency (unconditional coverage). In addition, we take a look at the distribution of the VaR-violations. The day on which a VaR-violation occurs should be unpredictable, i.e., the violation-series should follow a martingale difference process. To this end, we perform the CAViaR-Test of Engle and Manganelli (2004) and Berkowitz et al. (2011) .
The test is based on the idea that any transformation of the variables available when
VaR is computed should not be correlated with the current violation. Consider the autoregression
13
In line with Berkowitz et al. (2011) , we set g(
V aR t−k+1 and n = 1. The null hypothesis of a correctly specified model with 
Results
In this section, the results of our empirical study are discussed focusing on the specified aspects mentioned in the introduction of this paper.
Total Number of VaR Violations
We start the discussion of our results with the analysis of the total number of VaR-violations.
A key requirement with regard to VaR-forecasting models is that the number of VaRviolations should match the expected number related to the selected α-quantile. For each of the different models, we compute the empirical VaR-quantile by dividing the number of VaR-violations by the total number of 3,970 VaR-forecasts. Furthermore, we apply the unconditional coverage test of Kupiec (1995) to test the null hypothesis of a correctly specified model. The results are reported in Table 2 .
-Insert Table 2 about hereWith respect to the α = 5% quantile and the corresponding empirical VaR-quantiles, the majority of the results are in a narrow range around the target level. Only the VaR-forecasts for the DAX30 portfolios underestimate portfolio risk to some degree, whereby the models including the tests for structural breaks in the correlation as well as the DCC-GARCH model improve upon a plain CCC-GARCH model.
Furthermore, the application of the unconditional coverage test of Kupiec (1995) 
Distribution of VaR Violations
The total number of VaR-violations is not a sufficient criterion to evaluate the fit of the analyzed dependence models, because it gives no indication about the distribution of the VaR-violations. Among others, Longin and Solnik (2001) as well as Campbell et al. (2002) show that in particular in volatile bear markets correlations tend to increase. Consequently, in times where an effective risk management is most needed, inflexible dependence models may not be able to adequately adapt to changes in the dependence structure. This could lead to the undesired occurrence of clustered VaR-violations which in turn could lead to disastrous losses. To this end, we perform the CAViaR-based backtest of Engle and Manganelli (2004) and Berkowitz et al. (2011) to analyze the performance of the models used in our empirical study.
The results of the CAViaR test are presented in In addition to the statistical tests, we evaluate the performance of the different VaRforecasting models from a perspective which is more relevant in practical terms. As explained in section 4, we follow the Basel guidelines for backtesting internal models and count the number of VaR-violations after every 60 trading days using the data of the preceding 250 trading days. Based on the resulting 63 quarterly VaR-violation frequencies, we compute standard deviations which are presented in Table 3 .
-Insert Table 3 about here -
We start with the backtests for the α = 5% quantile. The CCC-GARCH models in combination with structural break tests show lower standard deviations compared to their plain counterpart. In particular, the CCC-GARCH model in combination with the test for a constant correlation matrix leads to less clustered VaR-violations, regardless of the portfolio dimension. There are only small differences in the average standard deviation of the DCC-GARCH based models. However, the models which include tests for structural breaks improve slightly on the plain DCC-GARCH.
Continuing with the results for the α = 1% quantile, the average standard deviation ranges from 1.613 for the plain DCC-GARCH model to 1.884 for the CCC-GARCH model in combination with the test for a constant covariance matrix. The small differences of the results do not yield any evidence that one of the analyzed models is clearly preferable.
Because the (averaged) standard deviations of quarterly VaR-violation frequency is a highly
aggregated performance measure, we analyze the effects of the application of tests for structural breaks by analyzing the VaR-exceedances for the α = 5% quantile using the 10-dimensional CAC40 portfolio as an example. Figure 1 illustrates the number of VaRviolations on a 60 trading day basis using the data of the most recent 250 trading days.
-Insert Figure 1 forecasts which are less conservative to some degree and therefore more accurate. Consequently, the additional use of these tests leads to a reduction of the extent by which the violation frequency falls short of the expected level. In contrast, during periods b) and d), the plain models show far too many exceedances, whereas the number of VaR-violations of the structural break test models are significantly lower. This applies particularly to the models in combination with the tests for constant correlations whose daily VaR-forecasts are distinctly more conservative. However, during the calm stock markets of period c), the daily VaR-forecasts of the different models show hardly any different results. Nevertheless, the plain CCC-and DCC-GARCH models show a slightly lower degree of risk-overestimation compared to the remaining approaches.
Expected Shortfall
In addition to the measurement of the Value-at-Risk, we evaluate the different risk-models with respect to their accuracy in forecasting Expected Shortfall. To this end, we compare the models on the basis of the deviation of the realized shortfall against the ES in the case of a VaR-violation. Furthermore, we apply the backtest of McNeil and Frey (2000) . The results are presented in Table 4 .
-Insert Table 4 None of the computed p-values falls short of the 10% threshold for statistical significance.
Conclusion
The aim of this paper was to examine the question whether the VaR-and ES-forecasting accuracy of plain CCC-and DCC-GARCH models can be improved by the implementation of recently proposed tests for structural breaks in covariances and correlations. To this end,
we perform an empirical out-of-sample study by using five-and ten-dimensional portfolios composed of European blue-chip stocks. In addition to the plain CCC-and the DCC-GARCH benchmarks, we modify these models by combining them with the pairwise test for constant correlations of Wied et al. (2012) , the test for a constant correlation matrix of Wied (2012) , and the test for a constant covariance matrix of Aue et al. (2009) .
In order to evaluate the accuracy of the VaR-and ES-forecasts, we conduct the unconditional coverage test of Kupiec (1995) and the CAViaR based test of Engle and Manganelli (2004) and Berkowitz et al. (2011) . With respect to the unconditional coverage test, we obtain statistically significant p-values in only a very few cases. Consequently, each of the analyzed models are more or less suitable for forecasting portfolio returns. The CAViaR backtest shows more heterogeneous results. The plain CCC-and DCC-GARCH models are outperformed by their counterparts which account for structural breaks. Furthermore, we evaluate the accuracy of the ES by using the backtest of McNeil and Frey (2000) . The good ES-forecasting accuracy of all models leads to the result that none of the computed p-values falls short of the 10% threshold for statistical significance.
To get a deeper insight into the characteristics of the different models, we change from the statistical backtest perspective towards a backtest which is of relevance in regulatory practice.
To this end, we perform a backtest procedure based on the Basel guidelines for backtesting internal models. On a quarterly basis, we measure the number of VaR-violations within the most recent one-year period and evaluate the fluctuation of these frequencies. Considering the α = 5% VaR-quantile, the plain CCC-and DCC-GARCH models are outperformed by the approaches modified by structural break tests. Kupiec (1995) , and the CAViaR based test of Engle and Manganelli (2004) and Berkowitz et al. (2011) . *, **, and *** indicate statistical significance at the 10%, 5%, and 1% levels.
Correl. Table 4 : Results Expected Shortfall. For each portfolio and for the α = 5% and α = 1% quantiles, the table shows the mean Expected Shortfall in case of a VaR-violation, the mean realized shortfall in the case of a VaR-violation, the difference between the mean ES and the mean realized shortfall, and the p-value of the backtest of McNeil and Frey (2000) . *, **, and *** indicate statistical significance at the 10%, 5%, and 1% levels. 
